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Necessary and sufficient conditions for the stability of a sleeping top described by dynamic equations of six
state variables, Euler equations, and Poisson equations, by a two-degree-of-freedom system, Krylov equations,
and by a one-degree-of-freedom system, nutation angle equation, is obtained by the Lyapunov direct method,
Ge-Liu second instability theorem, an instability theorem, and a Ge-Yao-Chen partial region stability theorem

without using the first approximation theory altogether.
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I. INTRODUCTION

The stability of a sleeping top is a classical problem
which appears in the standard courses of classical mechanics
[1,2]. Routh [3], Klein [4], and Grammel [5] studied this
problem from various heuristic points of view. In 1946, Che-
taev [6,9] first strictly studied the problem described by a
two-degree-of-freedom system, Krylov equations [7]. By the
Lyapunov direct method, he obtained the sufficient condition
of conditional direction stability :

C*w® > 4Amga, (1)

where C is the axial moment of inertia of the top about a
fixed point, A is the equatorial moment of inertia of the top
about the fixed point, w is the angular velocity of the top
about the symmetric axis of the vertical sleeping top, m is the
mass of the top, a is the distance between the center of grav-
ity of the top and the fixed point, and g is the gravity accel-
eration. In 1954, Chetaev [8,9] studied the same problem by
Euler equations and Poisson equations for six state variables
and obtained the same sufficient condition of unconditional
stability by the Lyapunov direct method. In 1979 using the
same equations, Ge [10,11] obtained the necessary and suf-
ficient condition of unconditional stability of a sleeping top

C’w® = 4Amga (2)

by the Lyapunov direct method and first approximation
theory, and corrected the error of Loitsyanskii and Lurie
[12], Rumjantsev [13], and Magnus [14]. They declared that
the necessary and sufficient condition for stability of a sleep-
ing top is C*w?>4Amga.

In this paper, the necessary and sufficient condition for
unconditional stability and conditional direction stability of
the sleeping top is obtained by using Euler equations and
Poisson equations, and by using Krylov equations by the
Lyapunov direct method, Ge-Liu second instability theorem
[15], Ge theorem for determining the definiteness of func-
tions [16], and an instability theorem. The necessary and
sufficient condition of conditional nutation angle stability is
obtain by using the nutation angle equation by the Lyapunov
direct method and Ge-Yao-Chen (GYC) partial region stabil-
ity theorem [17,18]. In this paper, the first approximation
theory has not been used altogether.
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This paper is organized as follows. In Sec. II, a necessary
and sufficient condition for unconditional stability of a sleep-
ing top by using Euler equations and Poisson equations is
obtained by the Lyapunov direct method and Ge-Liu second
instability theorem. In Sec. III, the same condition of condi-
tional direction stability is obtained by using Krylov equa-
tions by the Lyapunov direct method and an instability theo-
rem. In Sec. IV, the same condition of conditional nutation
angle stability is obtained by using a nutation angle equation
by the Lyapunov direct method and GYC partial region sta-
bility theorem. In Sec. V, conclusions are drawn.

II. STABILITY OF A SLEEPING TOP DESCRIBED BY
EULER EQUATIONS AND POISSON EQUATIONS

A. Euler equations and Poisson equations

In Fig 1, O is the fixed point of a symmetric top. Ox;y,z;
is an inertial frame with vertical axis z;. Oxyz is a body
frame fixed with the symmetric top and coincides with the
principal axes of inertia of the top. A, B, and C are the
principal moments of inertia of the top about the Ox, Oy, and
Oz axes, respectively. The conditions for a Lagrange top are

A=B, x=0, y=0, z=a>0, (3)

where x, y, and z are the coordinates of the center of gravity
of the Lagrange top in the Oxyz frame. Rigid body motion
about a fixed point with condition (3) is called a Lagrange
case. Let p, ¢, and r be the projections of the angular velocity
vector of the Lagrange top on three principal axes Ox, Oy,
and Oz, respectively, v;, ¥, Y3 be the direction cosines be-
tween Ox, Oy, Oz and the vertical axis Oz, respectively. The

FIG. 1. Rigid body motion in the Lagrange case.

©2008 The American Physical Society


http://dx.doi.org/10.1103/PhysRevE.77.046606

ZHENG-MING GE

dynamic equations for a Lagrange top are the combination of
Euler equations and Poisson equations:

d
Ad—IZ +(C—-A)gr=mgay,,

d
Ad—ctl + (A= C)rp=-mgavy,,

dr
c—=0,
dr
Ny
dt ’}/2 Q3’
5 P T
dys
=gy, - py,. 4
P A 2! (4)

We shall study the stability of a solution, a vertical perma-
nent rotation:

p=0, ¢g=0, r=w, v, =0,

72=07 73=1 (5)

of system (4). A Lagrange top with condition (5) is called a
sleeping top. Let

p=§& q=m r=ow+s,

Y =a, 72=B9 73:l+5’ (6)

where &€, 7, s, «, B, and § are the disturbances of six
state variables in Eq (4).

B. Sufficient condition of unconditional stability

In the Lagrange case, the first integrals of Eq. (4) are
A(P* + ¢ + Cr* + 2mgay,=h,

Alpy+qy) + Crys =k,
K+ vh+vi=1,

r=ow, )

where h, k, and w are constants determined by initial condi-
tions of Eq. (4). For the differential equations of disturbances
& m, s, a, B, and &, the corresponding first integrals are

Vi=A(& + 17) + C(s® + 2wé) + 2mag ¥,
Vo=A(éa+ 5B) + C(5s + wd+5),

Vi=a’+ B2+ 5 +28(=0),

PHYSICAL REVIEW E 77, 046606 (2008)

V4:§. (8)

The positive definite Lyapunov function given by Chetaev
when C?w?>4Amga is

Vi=V, +2\V, - (mga + Co\) Vs + uV3,
-2(Cow+ CNV,=AE + 2\Aéa,
— (mga+ Cw\)a? + A? + 2\A 7B,
— (mga + Co\) B+ (C + w)s? + 2\Cés,

- (mga+ Co\) &, )

where u=C(C-A)/A, \=—Cw/2A.

We have VI=0. By Lyapunov stability theorem, the null
solution of &, 7,s,a,3, and & is stable, i.e., the solution (5)
is stable. Equation (1) is the sufficient condition of stability
for a sleeping top, which is given by Chetaev [8,9]. Since six
disturbances correspond to the whole six states of dynamic
equations, Euler equations, and Possion equations, we call
this stability unconditional stability. In this case, both the
magnitude and the direction of the angular velocity vector
are stable.

When C?w’>=4Amga, Ge [10,11] gave another positive
definite Lyapunov function

V= VI+VH, (10)

where
4 2 4 2
Vi = Cw(V3 - —v4) = cw(a2 + B+ 5 +25- —g)
w w

(11)
is a positive semidefinite function of &, #, s, a, B, and o.

V=0 also. The Lyapunov stability theorem is satisfied, the
sufficient condition for stability of a sleeping top is now

C*w® = 4Amga. (12)

When C?w?<4Amga, by first approximation theory, the
sleeping top is unstable. In this paper, instead of using first
approximation theory, the Ge-Liu second instability theorem
is used to prove that when C?>w* <4Amga, the sleeping top is
unstable.

C. Ge-Liu second instability theorem

In 1999, Ge and Liu [15] gave two instability theorems.
The second of them is as follows.
Consider a nonautonomous vector differential equation

x=f(tx(t) Vi=0, (13)

where x€R" and f:R, X R"— R" is continuous. Let x=0 be
an equilibrium point for the system described by Eq. (13).
Then f(¢,0)=0, V¢=0. We can prove the following [15].
Theorem. If there exists a C" function V:R, XR"—R, a
ball B,={x ER",|x| <r}, an open set QC B,, such that
(i) 0<V(t,x)=L<oo, for some L, Vi=t,, VxE ).
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(ii) 0€ Q) (the boundary of ().

(iii) V(z,x)>0,V(r,x) is uniformly continuous in 7, V¢
=1y, Vx€.

(iv) (a) There exists an even n=2, such that for some
nonempty set GC QAN B,,

Vi(t,x)=0 for 1=i=n-1,

Vi (t,x) = v, VxEG.

(b) V(¢,x)=0, Vi=1,, Vx€/QNB,-G,

Here V¥)(¢,x) denotes the (+)th time derivative of V with
respect to time. Then the equilibrium point O of the system
(13) is unstable.

Jy>0, Y it= 1,

D. Sufficient condition for instability and necessary and
sufficient condition for stability

Since C?w?<4Amga, choose

Cw
A= — 14
4A (14)
and let
b Co* \Cw?+ 4(4Amga — C*w?)
c 4A ’
d Co=*\Cw*+ 4(4Amga — C*w?) (15)

e 4C

Since 4Amga > C2w?,b,d are positive, and c, e, are nega-
tive. Now

2
Vi= A= ba)(E-ca) + Aly=bP) - cB) + (s ~dd)(s
—ed)

is an indefinite function.
The positive definite Lyapunov function V is chosen as

V=Vit P+ B+ &, (16)

_i 2 2 D
V= dt(a + B+ 8, (17)

since V; is a first integral. By the third equation of Eq. (8),
the sixth equation of Eq. (4), and Eq. (6)

. ds
V==2—=-2(na-&B)=2({§6 - na) (18)

dt
is indefinite. There exists () in which 8> na, V>0, and

V> 0, where 0 € 0€). Since V does not contain ¢ explicitly,
conditions (i)—(iii) in the above theorem are satisfied. We

shall prove that (iv, a) is also satisfied. V can be found as

PHYSICAL REVIEW E 77, 046606 (2008)

V=2(63+ Bé - ni— an) =2(§2— Agwéa— Agwﬂn

+ %ﬁz + 77+ %cf) +2(§26— EaB— %ﬁm + 778
- (C;A) a§§>. (19)

On the boundary of ), d(}, V=0, iec.,
EB—ma=0. (20)

We can prove that V>0 on d€). There are many cases satis-
fying Eq. (20).

(a) p=f&,B=fa, where f can take an arbitrary positive
value except zero. From Eq. (19),

V=201 +f2)<§2 - §w§a+ %az) +2(1 +f2)<§25

C
- chm). (21)

Since 4Amga > C2w?, the second order terms of V are a posi-
tive definite function of &, &, while the third order terms of 1%
have no influence on the definiteness of V. Therefore V> 0.
When 7=fB, é=fa, or {=fB, n=fa, B=« it can be proved
similarly that V> 0.

(b) B=75=0. Now

V= 2(52 - %gm %&) + 2(525— %afé) (22)

is a positive definite function of &, «, i.e., V>0.

When B=a=0; £é=7=0 or {=a=0, it can also be easily
obtained that V=>0.

(c) B=a=75=0. Now

V=28 +286 (23)

is a positive definite function of £,V>0. When a=B=£=0,
B=£&=1=0, or a=£&=7=0 it can also be easily obtained that
V>0. By the above results, (iv,a) of the theorem is proved.

Since V is positive definite, dQ N B,—G=0, (iv,b) need
not be proved. V satisfies the Ge-Liu second instability theo-
rem, the sufficient condition of instability for the sleeping
top is

C*w’® < 4Amga. (24)
Together with the above result of Sec. II B, we conclude that
the necessary and sufficient condition for unconditional sta-

bility of the sleeping top is

C*w® = 4Amga. (25)
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FIG. 2. Sleeping top described by Krylov equations.

III. CONDITIONAL DIRECTION STABILITY OF A
SLEEPING TOP DESCRIBED BY KRYLOV EQUATIONS

A. Krylov equations

In Fig. 2, Ox,y,z; is the inertial frame, where Oz; is the
vertical axis. Oz is the dynamic symmetrical axis of the
sleeping top with center of gravity ¢, where Oc=a. The di-
rection of Oz is determined by two angles: «;, the angle
between the projection of Oz on the Ox,z; vertical plane, OJ,
and vertical axis Ozy; B is the angle between OJ and Oz;.
The moving frame Oxyz does not participate in the spin mo-
tion of the sleeping top. The motion of Oz is described by «;
and B3,. From Fig. 2, (x,x))=ay, (v,y)=p;. ¢ is the spin
angle of the sleeping top about Oz. The angular velocity of
the sleeping top (1 is

Q=w1+w2+w3, (26)

where w;=q, w2=,81, and wy=¢. The projections of ) on
the principal axes Oz,Ox, Oy are, respectively,

p=d+a, sin B,

q:—Bl,rzdl cos B;. (27)

The kinetic and potential energies of the top are

T=[C(d+ c sin B))> +A(B + & cos® B)))/2, (28)

IT=mga cos a; cos By, (29)

where  y=(z,z;). By spherical trigonometry, cos y
=cos «a; cos Bi. A first integral corresponding to cyclic coor-
dinate ¢ is

G,=Ap=A(¢+ a, sin B,) = const, (30)

where G, is the projection of the angular momentum G of
the top of the Oz axis. Only under condition (30), two-
degree-of-freedom Lagrange equations for «;,[;, Krylov
equations can be obtained:

Adi; cos B; - 2Ad, By sin B, + CwfB =mga sin a,
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ABI +Adf sin B cos B; — Cwa; cos B,
=mga sin B; cos «;. (31)

They correspond to four first order differential equations of
four state variables «, B, ¢;, and ,81, which have zero so-

lution a;=p,=c;=B;=0. This solution corresponds to un-
disturbed sleeping top motion. Therefore Eq. (31) is the dif-

ferential equation of disturbances a;, B, @, and .

B. Sufficient condition of conditional direction stability

There exist two other first integrals
1 . .
T+11=[C(¢+ é sin B1)* +A(BT + 7 cos® By)]
+mga cos «; cos B = const, (32)

G, =Cw cos a; cos B +A(B sin
— @ cos a; cos B sin B)), (33)

where G is the projection of G on the Oz, axis. Form the
other two first integrals by Egs. (30), (32), and (33):

Gzz. Lo > 2
W1=T+H—?=5C(a, cos B + Bi)

+ mga(cos a; cos B; — 1) = const, (34)

W,=G_ =A(B, sin a; — d; cos a, cos B, sin B;)
+ Cw(cos a; cos B; — 1) =const. (35)
They become zero when the a=8,=a,= ,81=O. Lyapunov
function is chosen as
V=W, - \W,, (36)

where A is a constant to be determined to make V positive
definite. Express V in series:

1 _ 1.
= E[Aa% +2ANé, B, + (Co\ —mga) 1]+ E[A,B%

—2ANB,a; + (Co\ —mga)ai]+ H.O.T. (37)

The degrees of higher order terms (H.O.T.) are no less than
four. When A is chosen as

AN=Cw/2A (38)

V is a positive definite function of «;, B3, &, B, and V=0.
Lyapunov stability theorem is satisfied. Therefore when
C’w’>4Amga, the sleeping top is conditionally stable.

Since four disturbances «y, B, &, and Bl are not all arbi-
trary, condition (30)must be satisfied, so we call this stability
conditional stability. In this case only the direction of the
angular velocity vector of the sleeping top is proven to be
stable. When

C’w? =4Amga (39)

V becomes

046606-4



NECESSARY AND SUFFICIENT CONDITIONS FOR THE ...
1 , 1.
V= V2 + V4 + HOT = EA(CZI + Ca),Bl/ZA) + EA Bl

Co )2 V,+HO.T (40)
-— +V,;+H.O.T.,
24 M) T

where V, is a second degree positive semidefinite function
and V, is a fourth degree function. When

a=-NB1,  Bi=Ma (41)

V,=0. Substituting Eq. (41) in V,, after a complicated calcu-
lation we obtain

=" &+ B (42)

Now
V= mga(a% + ,8%)2/8 +H.O.T., (43)

where H.O.T. are terms of «;,3; of degree no less than six.
V4 in Eq. (42) is positive definite for a;,B;. We can prove

that V in Eq. (40) is positive definite for a;,B;,d;,B; [16].
Lyapunov stability theorem is satisfied. Therefore when
C’w?=4Amga, the sleeping top is stable. It is concluded that
the sufficient condition of conditional direction stability is
C’w’*=4Amga.

When C?w?<4Amga, by Lyapunov first approximation
theory, the sleeping top is unstable. In this paper, instead of
using first approximation theory, a different instability theo-
rem is used to prove that when C’w? <4Amga, the sleeping
top is unstable.

C. Instability theorem

Consider an autonomous vector differential equation

x=f(x(1)

where xER", and f:R"— R" is continuous. Let x=0 be an
equilibrium point for the system described by Eq. (44). Then
f(0)=0, Vt=0.

Theorem. If there exists a C" positive definite function
V:R"—R, a ball B,={xER"||x||<r}, and

(i) There exists an open set Q) CB,
=|(0xP)[>0.

(ii) O C 9Q) (the boundary ).

(iii) For 40N B,, V(x)=0(|x[*), V(x)=

then the equilibrium O of Eq. (24) is unstable.

Proof. For any trajectory initiated in (), we assume that it
can escape () by moving across d€). When a trajectory ap-

Vt=0, (44)

in which V(x)

proaches and touches 92, V diminishes from |O[x|?| to V
=0(|x]*) by (i) and (iii), i.e., V is negative; but by (iii), V
=|0(|x[*)| > 0. This shows that it is not true that x(z) leaves ()
through dQ).

Next we prove that x(r) must leave B, through the sphere
|x||=7. The initial point x, is in the interior of € and V(x)
=a>0. The trajectory x(¢) starting from x(0)=x, must
leave (). To prove this fact, we notice that as long as x(z)

is inside Q, V(x)=a, since V(x)>0 in Q. Let v

PHYSICAL REVIEW E 77, 046606 (2008)

=min{ V(x)|x€ QU iQ
the continuous function V(x) has a minimum over the com-
pact set {x€QUJQ and V(x)=a}. Then y>0 and

and V(x)=a} which exists since

VIx(t)] = V(xp) + ft Vix(s)]lds = a+ ft vds=a+ .
0 0

(45)

This inequality shows that x(7) cannot stay forever in {) be-
cause V is bounded on ). Hence x(7) must leave () through
the sphere ||x||=r. The origin is unstable.

D. Sufficient condition for instability and the necessary and
sufficient condition for conditional direction stability

When C?w’><4Amga, choose A\=—Cw/4A and use b, c,
d, and e in Eq. (15), where b, d are positive, while c, e are
negative. Now

2
=A(é-ba)(é-ca) +A(n-bP)(n—cP) + %(s —dd)(s

—ed).
The positive definite Lyapunov function is chosen as
V=di+pi+a+ B (46)
Through Eq. (31), indefinite

(mga+A)(alal +,3131)+0(|a4|) (47)

is obtained. There exists Q in which V=|0(|ay|?)|>0. We
have

V=

2(mga+A){mga(a%+,81) Cw a131)+d%

N A _(,Blal

+ [ﬁ] (48)

In Q, when a,+&B,>0, &,—f3,/&>0, where & takes any
positive value except 0, then V=|0(|a;|?)|>0. On 9Q, a,
+&B,=0, @,-B;/£=0, V=0(|ey|*), and V becomes

2(mg(j‘+ A) [ mga(j2 + 1),8%

V=

+C—(§+ )Bﬁ ( +1>B} (49)
N ¢ 161+ 2 1

By Sylvester theorem, since 4Amga> C2w?, V is positive
definite, i.e., V>0 for any & Similarly, when a;—£&B,
>0, @ +B1/E>0; aj+&3>0, a-Bi/E>0; aj—EB,
>0, @,+fB;/£>0, we can also prove that V>0. The above
theorem is satisfied. When C2w2<4amg, the motion is un-
stable. It is concluded that the necessary and sufficient con-

dition for conditional direction stability of a sleeping top is
also C’w?>=4Amga.
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FIG. 3. Three generalized coordinates ¢, , and 6.

IV. CONDITIONAL NUTATION ANGLE STABILITY FOR A
SLEEPING TOP DESCRIBED BY NUTATION ANGLE
EQUATION

A. Nutation angle equation

In Fig. 3, the symmetric top motion can be described by
the Lagrange equation of three generalized coordinates, pre-
cession angle ¢, spin angle , and nutation angle 6. Since
¢, ¢ are cyclic coordinates, there are two corresponding first
integrals:

(1, sin® 6+ I; cos® 0) ¢ + Iy cos 6= const,

L(+ ¢ cos ) = const, (50)

where 1, is the equatorial principal moment of inertia, and /5
is the axial principal moment of inertia. By Eq. (50),

&, ., are absent in the only dynamic equation, nutation
angle equation. For the sleeping top case, the energy equa-
tion is [1]

W= -u?)[B( +u-ad?)], (51)

where u=cos 0, B=2mga/A, a=Cw/A. Taking the time
derivative of Eq. (51), the nutation angle equation is ob-
tained:

ii:—(a2+,8)u+gﬁu2+a2—§. (52)

For the sleeping top, u=cos #=cos 0=1. Let u=1+u’, where
u' is disturbance, the standard form equations of distur-

bances become

v'=2B-aMu’ + %Bu’z. (53)

B. GYC partial region stability theorem

Ge, Yao, and Chen [17,18] gave a stability theorem on the
partial region of the neighborhood (whole space for global
stability) of the origin.

Consider an autonomous differential equation

PHYSICAL REVIEW E 77, 046606 (2008)

FIG. 4. Partial regions ) and ;.

x=flx), (54)

where x ER", and f:R"— R" is continuous and satisfies the
Lipschitz condition. Let x=0 be an equilibrium point for the
system described by Eq. (56), and f(0)=0.

We are only interested in stability of this zero solution on
the partial region ) (including the boundary) of the neigh-
borhood of the origin which in general may consist of sev-
eral subregions as shown in Fig. 4. It is stipulated that the
state point cannot go out of ().

Definition. The equilibrium point x=0 of Eq. (54) is stable
on () if for each £>0 there is =8&(e) >0 such that

[x(0)]| < 6= |x(r)| <e Vt=0, (55)

where x# 0 is any point in ().

Let us consider a continuously differentiable function
V(x) given on Q;=Q N H where H is the region |[x|| <h>0.
If V(x)>0 in Q, and V(0)=0 expect at origin, V(x) is posi-
tive definite. If V(x)= in ; and V(0)=0, V(x) is positive
semidefinite.

Theorem. If V(x) is positive definite, V(x) through Eq.
(54) is negative semidefinite, x=0 is stable in Q.

The proof of this theorem is similar to that of the
Lyapunov stability theorem [19].

C. Necessary and sufficient condition for conditional nutation
angle stability

There are three cases.
(a) &?=28>0.
The positive definite Lyapunov function is chosen as

v/2 (a2_2ﬁ)u12 Bu/3
-+ = .
2 2 2

V= (56)

The time derivative of V through any solution of Eq. (53) is

3Bur2
2

3ﬁu12
2

v/

V=v'| 2B-aP)u' + ]—{(ZB—az)u’+

=0.

By Lyapunov stability theorem, the motion is stable.
(b) &*-23=0.
Equation (53) becomes
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’.R

FIG. 5. Partial region.

3Bu/2
)

v'=

(57)

Since u=cos 0=1 is the maximum value of cos 6, u'=u—1
is always negative. The partial region is the left half plane of
the u'v’ plane as shown in Fig. 5.

The partial region positive definite Lyapunov function is
chosen as

v12 Bul3

V=—"- 2 (58)

The time derivative of V through any solution of Eq. (57) is
V_3UIBM/2 3,814,21), ~
= S =

0. (59)

By GYC partial region stability theorem, the motion is
stable.

(c) &?-28<0.
The indefinite Lyapunov function is chosen as
V=u'v'. (60)
The time derivation of V through any solution of Eq. (53) is
. . . 38u'?
V=v'u'+v'u' =v"*+u'| 2B-P)u’ + 32 =v”
o, 3"
+(2B-a)u'"+ (61)

2 9
which is positive definite. By Lyapunov first instability theo-
rem, the motion is unstable.
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From above results, we obtain that the necessary and suf-
ficient condition for conditional nutation angle stability is
also

C*w® = 4Amga. (62)

Since two conditions in Eq. (50) must be satisfied, the sta-
bility is called the conditional nutation angle stability.

V. CONCLUSIONS

The necessary and sufficient condition for the stability of
a sleeping top described by three forms of dynamic equations
is obtained. For dynamic equations of six stable variables,
Euler equations, and Poisson equations, unconditional stabil-
ity is obtained by the Lyapunov direct method and the Ge-
Liu second instability theorem. For dynamic equations of a
two-degree-of-freedom system, Krylov equations, condi-
tional direction stability is obtained by the Lyapunov direct
method and a different instability theorem. For dynamic
equations of a one-degree-of-freedom system, a nutation
angle equation, conditional nutation angle stability is ob-
tained by the Lyapunov direct method and GYC partial re-
gion stability theorem. The necessary and sufficient condi-
tion for a sleeping top obtained from the above three cases is
the same:

C*w” = 4Amga. (63)

By using the direct method, unconditional instability, condi-
tional direction stability for C2w224Amga, conditional di-
rection instability, and three cases for conditional nutation
angle stability and instability, the results were obtained in
this paper.

The classical problem of classical mechanics has been
studied for more than 100 years and is solved in this paper
by the direct method only without the use of first approxi-
mation theory.
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